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We compare a local and a global version of Markov’s inequality defined on com-
pact subsets of C. As a main result we show that the local version implies the global
one. The same result was also obtained independently by A. Volberg.  © 1994

Academic Press, Inc.

NOTATION

The following basic notation will be used throughout the paper. #,(C)
denotes the set of algebraic polynomials from C of degree at most n.
B(z, r) = C is the closed disc with center z and radius r. If A, B< C then the
supremum norm of a function f over A is denoted by | f| 4, the transfinite
diameter of A by d(A4) and dist(A4, B) is the distance between the sets 4 and
B. € is the extended complex plane.

1. INTRODUCTION

A. A. Markov’s well-known inequality from 1889 states that
[Pl 17 <n? Pl _11y,  forall PeZ(R).

There are many ways of modifying this theorem to get conditions on
more general subsets of C, and we shall study the following two versions.

DEerFINITION 1.1, A compact non-empty subset E of C is said to preserve
the global Markov inequality (GMI) if there exist constants M >0 and r >0
depending only on E, such that for every n> 1

[P e <Mn"|P|g  forall Pe,(C). (GMI)
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This version of Markov’s inequality is applied, for example, in connec-
tion with extension and approximation of C* functions (see. e.g., [8]) and
Bernstein-type theorems (see, e.g., [5]).

If Eis a compact subset of C, let g(z, w) be the Green function of the
unbounded component of €\ E with pole at w.

DerFINITION 1.2. For a compact subset £ of C, the Green function has
the Hélder continuity property (HCP) if there exist constants M >0 and
r> 0 depending only on E, such that

gz, 0) < MJ", if dist(z, E)<dé<1. (HCP)
If Eis a (HCP) set, then by the Bernstein—-Walsh lemma [11, p. 77]
|P(z)| <exp M || P| g, forall Pe2 (C)ifdist(z, E)y<1/n".

Applying Cauchy’s integral formula one can easily show that this implies
that E preserves the global Markov inequality.

DeriniTiON 1.3, A closed subset F of C is said to preserve the local
Markov inequality (LMI) if for every n>1 there exists a constant
¢ = ¢(F, n) >0 such that for all polynomials Pe %,(C) and all 6 (0, 1] the
inequality

4
1P Ngnr<51Planr (LMI)

is fulfilled, where B is any closed disc with radius of length &, centered at F.

One example where the local Markov inequality has been used is [4], in
extension theorems of Whitney-type for function spaces on compact subsets
on R”

Then how are these two versions of Markov’s inequality related? It is
shown in [7] that certain subsets of R with polynomial cusps satisfy
(GMI). For N =2 one can immediately conclude from [4, Thm. 2, p. 38]
that these sets do not preserve the iocal Markov inequality.

In [1] it has recently been proved that the ordinary Cantor ternary set
has the Holder continuity property. In Section 2 we construct a family & of
sets that are generalizations of the Cantor ternary set, and in Sections 3
and 4 we extend the method of [1] to show the (HCP) property uniformly
for all sets in &. It is known (see [10, proof of Thm. 2], slightly adjusted
for subsets of C" instead of R") that if a set F preserves the local Markov
inequality then F can be regarded as a union of Cantor type sets. In
Section 5 we show that if Fc C then these sets belong essentially to &, so
we finally conclude that F also preserves the global Markov inequality.
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2. A FaMILY OF CANTOR TYPE SETS

We shall now describe the construction of a generalized Cantor type
subset of C. From now on, let 0<g<3} be a fixed constant and set
B, = B(0, }). If B, , is constructed, then choose two new subdiscs B, , ,,
and B, ., of B, , such that

(i) radius(B, ) =radius(B; ) =¢"*'2
(i) dist(Bi .1 By 1,1+1)>‘]k+ g
Let E be the Cantor type set defined by

s}

2k
E:= m U Bk,n'

k=0 n=1

For our calculations later on we need to attach a neighborhood to each
B, , in the following way. Let Q, , be a closed disc with the same center
as B, ,. For k21, if B, , and B, ,,, are subsets of the same disc B, _, ,,
choose the radius of Q,, to be half the distance between the centers
of B, and B,,,, (see Fig. 1), that is, somewhere in the interval
[4*, X1 —¢q) ¢*']. Finally, choose radius(Q, ,) to be any number in the
interval [1, (1 —q)/24].

The ordinary Cantor ternary set is self-similar in the sense that locally it
looks like a smaller version of the whole set. We are going to use the fact
that locally £ may not look like a smaller version of itself, but like a
smaller version of another set constructed as above, possibly with other
choices in step (ii) and in the choice of radius(Q, ). More precisely, take
B, ., N E, translate it so that B, , is centered at 0 and enlarge this set by a
ratio ¢ *. This new set could have been constructed exactly as described
above and since we are going to use this kind of linear transformations
it is essential that we study the whole class of Cantor type sets
simultaneously:

FIGURE 1
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For g still fixed let & := { E'},_, be the family of all possible Cantor type
sets constructed with B) , as above together with corresponding Q.
where 7 is some index set.

3. THE GREEN FuncTiON AND THE HARMONIC MEASURE

Any E'e &£ is a regular set of the Dirichlet problem by Wiener’s criterion
[9, Thm.II1.64] so we can define wj ,(z), the harmonic measure of
B, . E' with respect to the complement of E' to be the unique function
harmonic on C\E’ and continuous on € such that w{,=1 on B}, E
and w} ,=00 E\(B, ,nE"). If B}, ,UB}, ,.,<B,thenitis easy to
see that

0k (2) 0k, g, (2)=0),(z) forall zeC. (3.1)

Let b, , be the center of B}, and let y; , be the circle with center b, , and
radius 2¢*. If B, _, ,U B}, < B}, then let 1; , be a point on the circle
with center b} , and radius ¢* such that A} , lies outside Q} , , ;U Qi 1,41
(see Fig. 2).

Before stating Proposition 3.4, we need some preliminary lemmas.

LEMMA 3.1. There exists a constant b, > 0 independent of i such that for
all k,n
b <q*d(B},nE).
Proof. Since & consists of all Cantor type sets constructed as in

Section 3, there exists a j€ [ such that (B, , N E’) is the image of the linear
transformation u} ,(z)=g¢*z + b}, from E’. Then we get [9, Thm. I11.4]

FIGURE 2
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that d(Bj ,nE)=g¢*d(F’). In [9, Thm.II1.64] it is proved by using
Wiener’s criterion that d(E/)>¢% Set b, :=¢°. |}

LEMMA 3.2. There exists a constant b, >0 independent of i such that for
all /\’, h

b,< gz, A,) forall zey,,,

where g'(z,w) is the Green function of C\E' with pole at w.

Proof. Let g, ,(z) be the Green function for int(Q} ,\E’) with pole at
4, , and let G'(z) be the Green function for int(Q} \B(0, 1)) with pole at
A4, Since radius(Qf )>1 there exists a constant b, > 0 independent of i
such that

b, <G'(z) < 85,(2) forall zey),.
(Max. Principle) ’
&in(2), A, and 7, , can be reproduced from g} ,(z), 4}, and v}, for
some je [ by the same linear transformation as in the proof of Lemma 3.1,
Therefore for all &, n

by < g ,(2) < g'(z, 2}, forall zey,,. |
(Max. Principle)

LEMMA 3.3. There exists a constant by > 0 independent of i such that for
all k, n

bsng‘"(z)<] for all zey;;_,,.

Proof. w}_,(z)<1 follows from the Maximum Principle.

Let @, ,(z) be the unique function harmonic on int(Q} \E’) and
continuous on Q; , such that &} ,(z)=1on (B} ,n E’) and &, ,(z)=0 on
the boundary of Q; .. Let j be as in the proof of Lemma 1. By [3, p. 138]
we can write

},,(2) = | Gz, w) dyugs(w),

where G’(z, w) is the Green function for @}, and ug is a measure
supported on E’ such that u.,(E’)=d(E’). By Lemma 3.1, u./(E’) is
bounded below, and it is easy to estimate G/(z, w) for ze ), and we E’ to
get a constant b, such that

by<@) (z) forall zevy),.

Using the same linear transformation as in Lemma 3.1 and the fact that
@, <@ ,, we get Lemma 3.3. |
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If B, ,, VB, . < Bj, then we define
An =M@ 119 Qicsrr41)-

The following proposition is an extension of [6, Lemma 3.4].

PROPOSITION 3.4. There exist positive constants c¢,, ¢, independent of i
such that for all k, n

0} ,(0)< gz, ©)<c,w) ,(0)  forall zed,,.
Proof. Let g} ,(z, w) be the Green function for C\(B} ,n E’) with a
pole at w. We can write [9, Thm. I11.37]

(s 00) = [ In 2= ) (32)

B, ,NE")

where u} , is the equilibrium distribution measure of B , n E'. Thus y; , is
supported on B} ,n E" and yj (B}, E’)=1. From the definitions above
we have that if ze B} ,n E’ then |4, ,—z| <7¢*/6 and by Lemma 3.1 we
get the estimate

Af i 7
Gen (P oo)slna;l. (3.3)

Now, the image of int(B(0, 1)) by the function

, 3t
Hia(2) =S4 b1,

is the complement of B(b},,3¢*/4). The composition of A}, and
gi.n(2, A ,) is a positive harmonic function on int(B(0, 1)). By Harnack’s
inequality [2, Thm. 1.18]

Eialhi (W), /"Lfm) < l9g'f('n(hf(‘n(0), ﬂ,fc‘n) forall we B(0, ).

Since y} , is the image of the circle with center 0 and radius % under the
mapping k), we get that

£ienlz A ) <198 (00, 4% ) forall zeyj,. (3.4)

Furthermore, by the symmetry of the Green function (g(z, w) = g(w, z)),

. , ) ) 7 X
g'(z, Ay ) < Ginlz,Ar,) < 19In—— forall zey,,,
" (Max. principte) (3.3).(3.4) b, '
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which together with Lemma 3.2 and Lemma 3.3 yields that there exist
constants c;, ¢, >0 independent of i such that

3w ,(2) < g'(z; A ) S cqwi ,(2) forall zeyj,.

w! ,(z) and g'(z, A, ,) are harmonic on C\E’ and tend to zero as z tends

to E' outside y} ,. By the maximum principle the inequality above is valid
for all z outside y, ,, in particular, for z=

ey (o)< g' (w0, 4} )< cyw) ,(0). (3.5)
Finally, let u , be as in Lemma 3.1 so that u} (44 )= A4} ,. Since 4},
can be covered by a finite number of discs (the number independent of j)

disjoint from E’ and i, € A}, we see by Harnack’s inequality that there
exist constants cs, ¢ > 0 independent of / and j such that

s g (uf , (44 1), ©) < g'(uj ,(w), ©©)

<eog'(uy (A ), 00)  forall wed},,
and since u} (A} ,) =4, we get that
CSgi(']';(,n’ oo)<gi(z, w)gcégi(j"l.c,n’ w) forall ZEA;(_,,,

which together with (3.5) completes the proof of Proposition 3.4. J

COROLLARY 3.5. There exist positive constants ¢, cg independent of i
such that for all k,n if B, ,w B}, , < B_,,, then

70 o (00) <y, (0) < g, ().

Proof. Applying Proposition3.4 to zeA),NnA},, # gives the
corollary. }

4. THE (HCP) PROPERTY OF THE GENERALIZED CANTOR SET
THEOREM 4.1. Every set E'e & has the (HCP) property with constants
M, r> 0 independent of i.

Remark. M and r depend of course on the costant g, fixed in the
construction of &.
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Proof. 1fz¢ Qy , then 8 > 4. Since dist(z, £') < | and E'< B(0, 1) we get
by Lemma 4.1 and (3.2) that there exists a constant ¢, independent of i
such that g'(z, 00) < cy. Then we get (HCP) with M =2c, and r=1.

If ze Qg ,, z¢ E’ then z belongs to one of the 4, , and

/ - 26
o =dist(z, E') > dist(A4] ,, E')?Qk+l/2=>k>l_lr; —1.
' q

If B, ,uB,,, cB_,, then
w} ,(0) + c,0f ,(00)
S a);-c,n(w)+wi,n+l(w) = w;‘c-l‘m(w)
(Corollary 3.5) {3.1)
. ) 1 .
=w, (w0)< Oy (0) o Ko———F wg (0)
k,n( ) 1+C7 k-1, ( )\ \(1+C7)k 0.1( )

Proposition 3.4 then implies
. . 1 .
g'(z, 00)<Czﬂ)2,,.(°®)<62mw6,1 (c0)

1
(1 + c_,)(!n 20/Ing)y—1 =

<o, M,
with
In(1 + ¢;)

M=2c,(1+¢;),r=
Ing

5. THE (HCP) PROPERTY OF LOCAL MARKOV SETs

Let Fc C be a compact set preserving the local Markov inequality. This
property is equivalent [4, Prop. 4 p.37] to the fact that (LMI) holds for
all polynomials of degree one. This in turn leads to the following geometric
characterization of local Markov sets [ 10, Prop. 7]:

PROPOSITION 5.1. F preserves the local Markov inequality if and only if
there exists a constant ¢y 2 1 such that for all ze F and 0 <r <1 there exists
a point in B(z,r)n F at distance larger than or equal to r/c, from z. c,
depends only on the constant ¢ in (LMI) for first degree polynomials.

Remark. A set geometrically characterized in this way is sometimes
called uniformly perfect or perfect of the class 1.

The proof of this actually deals with the case F= R" but can easily be
adapted to compact subsets of C¥. In [10, Thm. 27, Proposition 5.1 is used
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to prove that F has positive Hausdorff dimension. We are going to use a
part of their proof, slightly modified, to show that F is a union of Cantor
type sets.

Take a point ze F, set d, , =z and p=1/(1 + 4¢,). By Proposition 5.1
there exists a point d, ,€ B(d, |, 2pcy) N F at a distance at least 2p from
dy,. Set D, \=B(d,,,p/2)and D, ,=B(d, ,, p/2). Then D, | and D, , are
subsets of D, , := B(d, |, 5) and dist(D, |, D, ,) > p.

We continue by induction. Suppose D, , = B(d. ., p*/2) is constructed.
Set d,,,; = d,, By Proposition 5.1 there is a point d,,;,;, €
B(d, 1.0, 20" o) n F such that Dy, ,, := B(d,,,, p"""/2) and
Di,iger:=Bdi 1,1, /2) are subsets of D,, and dist(D,,,,,
Diirir)2p T Set

o 2%
F..= U Din
k=0 n=1

It follows that F, < F B(z, 1) from the construction and the fact that F is
closed. We see now that apart from being a subset of B(z, 3) instead of
B(0, 1), F, is constructed exactly the same way as one of the sets E' from
Section 2 with ¢ replaced by p. But since the (HCP) property is invariant
under translations and ze E was arbitrarily choosen, we get from
Theorem 4.1 that F. has the (HCP) property with constants M and r
independent of z. Finally, since

F also has the (HCP) property with the same constants M and r and we
get our main result:

THEOREM 5.2. Suppose F is a compact subset of C preserving the
local Markov inequality. Then F has the (HCP) property and consequently
preserves the global Markov inequality.
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